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Abstract: A few years ago a connection between the elliptic genus of the K3 manifold and
the largest Mathieu group M24 was proposed. We study the elliptic genera for Calabi-Yau
manifolds of larger dimensions and discuss potential connections between the expansion
coefficients of these elliptic genera and sporadic groups. While the Calabi-Yau 3-fold case
is rather uninteresting, the elliptic genera of certain Calabi-Yau d-folds for d > 3 have
expansions that could potentially arise from underlying sporadic symmetry groups. We
explore such potential connections by calculating twined elliptic genera for a large number
of Calabi-Yau 5-folds that are hypersurfaces in weighted projected spaces, for a toroidal
orbifold and two Gepner models.
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1 Introduction
In 2010 Eguchi, Ooguri and Tachikawa (EOT) [1] discovered a new moonshine phenomenon
[2–6] which connects the elliptic genus of K3 to the largest Mathieu group M24.
1 Since the
K3 surface plays a central role in mathematics and physics, this new observation has led
to a flurry of papers (see [9, 10] for recent review articles). Until today, the original EOT
observation has not found a satisfying explanation but lots of progress has been made
throughout the years and several new moonshine phenomena have been discovered and
others have been better understood.
The K3 surface is the lowest dimensional non-trivial compact Calabi-Yau manifold. Its
geometric symmetries at different points in moduli space have been classified by Mukai and
Kondo [11, 12] who found that the symplectic automorphisms of any K3 manifold form a
subgroup of the Mathieu group M23. This means that no particular K3 surface has M24 as
symmetry group. However, the elliptic genus is an index and therefore it does not change
if one moves around in moduli space. This has led to the intriguing idea that in order
to get M24 one could combine symmetries at different points in K3 moduli space. Using
this so called ‘symmetry surfing’ it has already been possible to substantially enlarge the
symmetry group but it has not yet been possible to find the full M24 group [13–16].
Following the discovery of Mathieu moonshine Gaberdiel, Hohenegger and Volpato
[17] showed that the supersymmetry preserving automorphisms of any nonlinear sigma
model with K3 target generate a subgroup of the Conway group Co1. This subgroup,
however, is never M24. The authors of [17] also explicitly showed that the symmetry
group at certain points in K3 moduli space, for example orbifold points, does not fit into
M24. Since the elliptic genus only counts BPS states of the theory, one might have hoped
that the BPS states have M24 as symmetry group, but the full spectrum has a different
symmetry group. By calculating explicit twined elliptic genera [18, 19] one finds that there
are more twined elliptic genera for K3 spaces than conjugacy classes of M24. The symmetry
groups of the K3 manifold at different points in moduli space have found a beautiful string
theory explanation in [20], where the authors study type IIA string theory on K3×T 3.
The resulting three dimensional theory does not only have M24 symmetry at one point in
moduli space but it actually has all umbral symmetry groups [21, 22] as symmetry groups
at certain points in its moduli space. These symmetries are partially broken upon taking
the decompactification limit for the T 3. Thus the elliptic genus of K3 has provided us
with a fascinating but still not understood connection between the simplest non-trivial
Calabi-Yau manifold and the largest Mathieu group M24.
The elliptic genus is an index that can be computed for any SCFT with N = (2, 2)
or more supersymmetry. In particular, one can calculate it for any conformal field theory
with Calabi-Yau target space. The elliptic genus for a Calabi-Yau d-fold, where d denotes
the complex dimension of the Calabi-Yau manifold, is a Jacobi form with weight 0 and
index d2 [23]. The space of such Jacobi forms, which we denote by J0, d
2
, is generated by
very few basis elements for small d. Therefore the elliptic genus can carry only very little
1Relatedly, M24 has at the same time been connected to the counting functions of half BPS states in
four dimensional N = 4 theories [2, 7, 8].
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information about the actual Calabi-Yau d-fold. This does not mean that the elliptic genus
is uninteresting, as is shown by the case of K3 where the space of weight zero, index 1 Jacobi
forms is generated by a single function only. It does imply, however, that for larger d many
different Calabi-Yau d-folds will give rise to the same elliptic genus since the number of
Calabi-Yau manifolds grows much faster with d than the number of basis elements of J0, d
2
.
Thus, if one finds interesting expansion coefficients in higher dimensional manifolds, then
one faces the question of what this actually means. If the expansion coefficients are given
in terms of irreducible representations of a particular sporadic group, does this imply that
all manifolds with such elliptic genus are connected to the particular sporadic group, or
only a few or none? How would such a connection manifest itself, as a geometric symmetry
of the manifold or as a symmetry of the non-linear sigma model with the manifold as target
space or via something else like symmetry surfing?
In this paper we try to identify interesting elliptic genera for Calabi-Yau d-folds with
d = 5 and larger (see [24] for the case d = 4). The case of d = 5 seems particularly
promising: when expanding the elliptic genus in terms of N = 2 characters one finds
essentially the same expansion coefficients as in Mathieu moonshine. Since the connection
between Mathieu moonshine and the K3 surface is still somewhat mysterious, we may gain
a clearer picture by studying CY5 manifolds in order to understand whether they could
be involved in Mathieu moonshine as well. By calculating twined elliptic genera for more
than ten thousand explicit examples, we investigate the possibility that these Calabi-Yau
5-folds are connected to Mathieu or Enriques moonshine.
For d > 5 potential connections to sporadic groups grow dramatically and the corre-
sponding CY d-folds have not been constructed in any systematic way, so we refrain from
a detailed investigation. However, we point out that a particular extremal Jacobi form
that plays a role in umbral moonshine [21] arises as elliptic genus of the product of two
CY 3-folds. We again study this further by looking at twined functions.
The paper is organized as follows: In section 2 we review some properties of Jacobi
forms. Then, in section 3, we discuss the elliptic genus of Calabi-Yau manifolds with
different dimensions as well as its expansion in N = 2 characters. In section 4 we calculate
twined elliptic genera for many different Calabi-Yau manifolds. Then we study a simple
toroidal orbifold and two Gepner models in section 5. We summarize our findings in
section 6. Our notation and conventions are given in appendix A. Appendix B gives the
N = 2 and N = 4 superconformal characters. Finally, appendix C contains the character
tables for M12 and M24.
2 Jacobi forms
The elliptic genus of a CY d-fold, ZCYd(τ, z) with τ, z ∈ C and Im(τ) > 0, is a weight 0
and index d/2 weak Jacobi form [23]. A Jacobi form φk,m(τ, z) of weight k and index m
satisfies
φk,m
(
aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)ke
2piimcz2
cτ+d φk,m(τ, z) ,
(
a b
c d
)
∈ SL(2,Z) ,
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φk,m(τ, z + λτ + µ) = (−1)2m(λ+µ)e−2piim(λ2τ+2λz)φk,m(τ, z) , λ, µ ∈ Z . (2.1)
The above transformations for a = d = 1, c = 0 and λ = 0 allow us to do the following
Fourier expansion
φk,m(τ, z) =
∑
n,r
c(n, r)qnyr , (2.2)
with q = e2piiτ and y = e2piiz. A holomorphic Jacobi form satisfies c(n, r) = 0 whenever
4nm − r2 < 0. What is usually called a weak Jacobi form satisfies the weaker condition
c(n, r) = 0 whenever n < 0. We will be dealing with weak Jacobi forms in this paper but
for simplicity we refer to them as Jacobi forms.
The space of weak Jacobi forms [25] of even weight k and integer index m is generated
by the four functions E4(τ), E6(τ), φ−2,1(τ, z), φ0,1(τ, z) that we define in appendix A.2 The
Eisenstein series E4 and E6 have weight 4 and 6 respectively and vanishing index. It then
follows from simple combinatorics that the space J0,m of Jacobi forms of weight 0 and index
m, is generated by m functions for m = 1, 2, 3, 4, 5. In particular, we have
J0,1 = 〈φ0,1〉 ,
J0,2 = 〈φ20,1, E4 φ2−2,1〉 ,
J0,3 = 〈φ30,1, E4 φ2−2,1 φ0,1, E6 φ3−2,1〉 ,
J0,4 = 〈φ40,1, E4 φ2−2,1 φ20,1, E6 φ3−2,1 φ0,1, E24 φ4−2,1〉 ,
J0,5 = 〈φ50,1, E4 φ2−2,1 φ30,1, E6 φ3−2,1 φ20,1, E24 φ4−2,1 φ0,1, E4E6 φ5−2,1〉 . (2.3)
The functions above appear in the elliptic genus of Calabi-Yau d = 2, 4, 6, 8, 10 manifolds
and their coefficients can be fixed in terms of a few topological numbers of the CY d-fold.
For weight zero Jacobi forms with half integer index things are equally simple. In
general, for any even weight the spaces of Jacobi forms with integer and half integer indices
are related as follows (see for example Lemma 1.4 in [26])
J2k,m+ 1
2
= φ0, 3
2
J2k,m−1 , m ∈ Z . (2.4)
In particular φ0, 3
2
and φ0, 3
2
φ0,1 are, up to rescaling, the unique Jacobi forms of weight 0 and
index 32 and
5
2 , respectively. More generally, the space J0,m+ 32
is spanned by m functions
for m = 1, 2, 3, 4, 5 and these functions are the ones given in equation (2.3) multiplied by
φ0, 3
2
.3 So in summary we see that the space of Jacobi forms J0, d
2
is generated by very few
functions for small d.
3 The elliptic genera for Calabi-Yau manifolds
Here we gather some results on the elliptic genera of Calabi-Yau manifolds in different
dimensions (see for example [26, 27] for a related discussion). A superconformal N = (2, 2)
2Forms of odd weight have one extra generator φ−1,2 = i
θ1(τ,2z)
η(τ)3
that satisfies 432φ2−1,2 =
−φ−2,1
(
φ30,1 − 3E4φ2−2,1φ0,1 − 2E6φ3−2,1
)
, which is not relevant for even weight.
3Note that we have the identity 432φ2
0, 3
2
= φ30,1 − 3E4 φ2−2,1 φ0,1 − 2E6 φ3−2,1.
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theory with CYd target space has central charges of (c, c¯) = (3d, 3d) and therefore its
elliptic genus is given by [28]
ZCYd(τ, z) = TrRR
(
(−1)FLyJ0qL0− d8 (−1)FR q¯L¯0− d8
)
(3.1)
in the standard notation q = e2piiτ and y = e2piiz. The above index receives only contribu-
tions from the right moving ground state and therefore does not depend on q¯.
The elliptic genus has the property
ZCYd(τ, z) =
d∑
p=0
(−1)pχp(CYd)y
d
2
−p +O(q) , (3.2)
where χp(CYd) =
∑d
r=0(−1)rhp,r. The higher order terms in q vanish for z = 0 (y = 1)
since the elliptic genus reduces in this case to the Witten index (cf. equation (3.1)). This
implies that
ZCYd(τ, 0) = χCYd =
d∑
p=0
(−1)pχp(CYd) (3.3)
is exactly the Euler number of the Calabi-Yau. These properties of the elliptic genus allow
us to fix the prefactors of the generators of J0, d
2
in terms of the Euler number of the
Calabi-Yau and maybe one or two χp for small d.
3.1 Calabi-Yau 1-folds
For the standard torus T 2 the elliptic genus vanishes, ZT 2(τ, z) = 0. The same holds true
for any even dimensional torus ZT 2n(τ, z) = 0, ∀n ∈ N. This is due to the fermionic zero
modes in the right moving Ramond sector: Tr
(
(−1)FR q¯L¯0− c¯24
)
∝ θ2(q¯,−1)n = 0.
3.2 Calabi-Yau 2-folds
The elliptic genus for a K3 surface is the Jacobi form that appears in Mathieu moonshine.
Its expansion in terms of N = 4 characters [29] is4
ZK3(τ, z) = 2φ0,1(τ, z) = 20 chN=42,0,0 (τ, z)− 2 chN=42,0, 1
2
(τ, z) +
∞∑
n=1
Anch
N=4
2,n, 1
2
(τ, z) , (3.4)
where all coefficients can be expressed in a simple way via irreducible representations of
M24. In particular, we have
20 = 23− 3 · 1 ,
−2 = −2 · 1 ,
A1 = 45 + 45 ,
A2 = 231 + 231 ,
4See appendix A for standard definitions and our conventions and appendix B for the explicit formulas
for the N = 2 and N = 4 characters. The subscripts on the characters chd,h−c/24,` are the complex
dimension d of the Calabi-Yau that determines the central charge to be c = 3d, the eigenvalue h− c/24 of
L0 − c/24 and the eigenvalue ` of J0.
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A3 = 770 + 770 ,
. . . , (3.5)
where the numbers on the right hand side are dimensions of irreducible representations of
M24 (see appendix C) and we used the underline to distinguish two different irreducible
representations of the same dimension. Note that the elliptic genus counts states with sign
and all coefficients could have in principle been positive or negative but they turn out to
all be positive except one.
Above we have expanded the elliptic genus in terms of N = 4 characters following
the original work [1]. This can be done since K3 is a hyper Ka¨hler manifold and the
superconformal worldsheet theory has N = (4, 4) supersymmetry. However, we can also
expand the elliptic genus of K3 in terms of the N = 2 characters given in [27] 5
ZK3(τ, z) = 2φ0,1(τ, z) = −20 chN=22,0,0 (τ, z) + 2 chN=22,0,1 (τ, z)−
∞∑
n=1
Anch
N=2
2,n,1(τ, z) . (3.6)
So up to an overall sign we see the same expansion coefficients as before. This overall sign
is a convention (see the sentence after equation (2.5) in [27]).
There is also a moonshine phenomenon that connects Enriques surfaces to M12 [30].
The elliptic genus for an Enriques surface is ZEnr(τ, z) = 12ZK3(τ, z), since χEnr = 12 =
ZEnr(τ, 0) = φ0,1(τ, 0) (cf. equations (3.3) and (A.10)). This leads to the following expan-
sion in terms of N = 4 characters
ZEnr(τ, z) = φ0,1(τ, z) = 10 chN=42,0,0 (τ, z)− 1 chN=42,0, 1
2
(τ, z) +
∞∑
n=1
An
2
chN=4
2,n, 1
2
(τ, z) . (3.7)
Note that all the An are even so that also in this case the expansion coefficients are always
integers and one can again decompose the coefficients into irreducible representations of –
this time – M12:
10 = 11− 1 ,
−1 = −1 ,
A1 = 45 ,
A2 = 55 + 176 ,
A3 = 66 + 2 · 120 + 2 · 144 + 176 ,
. . . . (3.8)
We can of course again expand the elliptic genus ZEnr(τ, z) in N = 2 characters, which
leads to the same expansion coefficients but with an overall minus sign.
3.3 Calabi-Yau 3-folds
Calabi-Yau 3-folds have a rather uninteresting expansion of the elliptic genus in terms of
N = 2 characters
ZCY3(τ, z) =
χCY3
2
φ0, 3
2
=
χCY3
2
(
chN=2
3,0, 1
2
(τ, z) + chN=2
3,0,− 1
2
(τ, z)
)
, (3.9)
5For the particular case of c = 6, i.e. for d = 2, the N = 2 superconformal algebra extended by spectral
flow generators is the same as the N = 4 superconformal algebra. This means that in this case the N = 2
and the N = 4 algebras are the same (up to an overall sign in our conventions).
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where the overall normalization is fixed via equations (3.3) and (A.12). Only two expansion
coefficients are different from zero and they are both equal. So the elliptic genus carries
little information.
While we study CY 3-folds only very briefly in this paper, we would like to stress
that the simplicity of the elliptic genus does not mean that Calabi-Yau 3-folds cannot be
interesting or have no connection to moonshine phenomena. For example, it was shown in
[31] that the Gromov-Witten invariants of certain CY3 manifolds are connected to Mathieu
moonshine. This was further explored and studied in [32–36].
3.4 Calabi-Yau 4-folds
For Calabi-Yau 4-folds the corresponding space J0,2 of Jacobi forms is generated by two
basis elements and one can fix the coefficients in terms of the Euler number χCY4 and
χ0 =
∑
r(−1)rh0,r using equations (3.2) and (3.3) as well as the explicit forms of the basis
elements given in appendix A. One then finds
ZCY4(τ, z) =
χCY4
144
(
φ20,1 − E4 φ2−2,1
)
+ χ0E4 φ
2
−2,1 . (3.10)
Note that χ0 = h
0,0 + h0,4 = 2 for genuine CY 4-folds.
There are a variety of interesting connections to sporadic groups that have already
appeared in the literature. The first and somewhat trivial case is the product of two K3
manifolds whose elliptic genus is given by ZK3×K3(τ, z) = 4φ20,1. This function exhibits
an M24×M24 symmetry and one could wonder whether such a symmetry (or an M12×M24
symmetry for 2φ20,1) is realized by certain genuine Calabi-Yau four manifolds. The Jacobi
form 124
(
φ20,1 − E4 φ2−2,1
)
has appeared in umbral moonshine [21] where it was shown to
exhibit 2.M12 moonshine when expanded in N = 4 characters, and in [37] a L2(11) moon-
shine was established upon expanding this function in N = 2 characters. Lastly in [38] it
was shown that the function 16(φ
2
0,1 + 5E4 φ
2−2,1) exhibits M22 moonshine when expanded
in N = 4 characters and M23 moonshine when expanded in N = 2 characters.6 All of
these and further potential connections to sporadic groups will be discussed in [24] where
also twinings will be studied in great detail.
3.5 Calabi-Yau 5-folds
As discussed above, the elliptic genus for a Calabi-Yau manifold with odd complex dimen-
sions d can be expressed in terms of the same functions as those occurring in the expression
for the elliptic genus of a Calabi-Yau manifold with complex dimension d− 3, since Jacobi
forms of half-integral index can be written as the product of φ0, 3
2
times an integral index
Jacobi form J0, d
2
= φ0, 3
2
J0, d−3
2
[26]. This means that the elliptic genus for CY 5-folds is
proportional to φ0, 3
2
φ0,1 and we can fix the prefactor in terms of the Euler number χCY5 .
We also recall that the N = 4 characters for central charge c = 3d, multiplied by φ0, 3
2
, can
6This functions also exhibits M24 moonshine when expanded in extended N = 1 characters [39]. There
are also other groups that can arise instead of the Mathieu groups but the later are somewhat special
[38, 39]. When evaluated at torsion points y = −1 and y = ±√q, the same function gives rise to Conway
moonshine [40, 41].
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be expressed in terms of N = 2 characters for central charge c = 3(d + 3) (see appendix
B). In particular, we find the following relations
φ0, 3
2
chN=42,0,0 = −chN=25,0, 1
2
− chN=2
5,0,− 1
2
,
φ0, 3
2
chN=4
2,0, 1
2
= −chN=2
5,0, 3
2
− chN=2
5,0,− 3
2
+ chN=2
5,0, 1
2
+ chN=2
5,0,− 1
2
,
φ0, 3
2
chN=4
2,n, 1
2
= −chN=2
5,n, 3
2
− chN=2
5,n,− 3
2
, ∀n = 1, 2, . . . . (3.11)
This means that CY 5-folds have the following expansion of the elliptic genus in terms of
N = 2 characters:
ZCY5(τ, z) =
χCY5
24
φ0, 3
2
φ0,1
= −χCY5
48
[
22
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
+
∞∑
n=1
An
(
chN=2
5,n, 3
2
(τ, z) + chN=2
5,n,− 3
2
(τ, z)
)]
. (3.12)
In particular, for CY 5-folds with χCY5 = −48 we find essentially the same expansion
coefficients as in Mathieu moonshine, while for χCY5 = −24 we find essentially the same
coefficients as for Enriques moonshine. Since the overall sign in the definition of the N = 2
characters is a choice, we can conclude the same for CY 5-folds with χCY5 = 48 and
χCY5 = 24. The decomposition of all the coefficients into the dimensions of irreducible
representations is identical to the ones given above in equations (3.5) and (3.8) except for
the first coefficient for which we have 22 = 23 − 1 for M24 and 11 = 11 for M12. This
follows from the relations between N = 4 and N = 2 characters given above in equation
(3.11).
A trivial class of examples where the elliptic genus will exhibit Mathieu or Enriques
moonshine is given by manifolds that are products of K3 or Enriques surfaces with CY
3-folds. While these cases are rather trivial, we see from the above that any CY 5-fold
could exhibit an interesting connection to a Mathieu group. Given our current still incom-
plete understanding of Mathieu moonshine we find it important to study this further by
calculating twined elliptic genera for genuine CY 5-folds.
3.6 Calabi-Yau 6-folds
The elliptic genus for Calabi-Yau 6-folds is determined in terms of three topological numbers
which we choose to be the Euler number χCY6 and χp =
∑6
r=0(−1)rhp,r for p = 0, 1. The
elliptic genus is then given by
ZCY6(τ, z) =
χCY6
1728
φ30,1 −
1
576
(χCY6 − 48(χ1 + 6χ0))E4 φ2−2,1 φ0,1
− 1
864
(χCY6 − 72(χ1 − 6χ0))E6 φ3−2,1 . (3.13)
We can again find many interesting cases by taking triple products of K3 or Enriques
surfaces or by considering K3 × CY4. These cases trivially exhibit a variety of potential
connections to sporadic groups like L2(11), M12, M22, M23 and M24 (see subsection 3.4).
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Again it would be interesting to understand whether genuine Calabi-Yau 6-folds with the
appropriate topological numbers also have such a connection to a sporadic symmetry group.
For d = 6 there is also one genuinely new case: for χ0 = χ1 = 0 we get
ZCY6(τ, z) =
χCY6
1728
(
φ30,1 − 3E4 φ2−2,1 φ0,1 − 2E6 φ3−2,1
)
=
χCY6
4
φ2
0, 3
2
= χCY6
θ2(τ, z)
2
θ2(τ, 0)2
θ3(τ, z)
2
θ3(τ, 0)2
θ4(τ, z)
2
θ4(τ, 0)2
=
χCY6
8
[
4chN=46,0,0 +
(
−2chN=4
6,0, 1
2
+ 14chN=4
6,1, 1
2
+ 42chN=4
6,2, 1
2
+ 86chN=4
6,3, 1
2
+ . . .
)
− (16chN=46,1,1 + 48chN=46,2,1 + 112chN=46,3,1 + . . .)
+
(
6chN=4
6,1, 3
2
+ 28chN=4
6,2, 3
2
+ 56chN=4
6,3, 3
2
+ . . .
) ]
. (3.14)
This Jacobi form for χCY6 = 8 and the corresponding expansion in terms of N = 4
characters appeared in [21] (see eqn. (2.49)), and it is related to 2.AGL3(2) via the umbral
moonshine conjecture (proven in [42]). This is similar to the case of CY 4-folds that seem
connected to umbral moonshine for χ0(CY4) = 0. Here, however, we can easily find spaces
that have the above elliptic genus. Since the product of two CY 3-folds gives a complex
six dimensional manifold with χ0 = χ1 = 0, it results in the elliptic genus above with
χCY6 = χCY (1)3
· χ
CY
(2)
3
. For umbral moonshine we require an elliptic genus as given by
equation (3.14) for the case of χCY6 = 8. So the product of a CY 3-fold with Euler number
±2 with another CY 3-fold with Euler number ±4 gives the desired answer.
3.7 Calabi-Yau manifolds of dimension d > 6
It should be clear now that the potential connections to sporadic groups grow rapidly for
larger d. There is no simple way of checking these, however, since CY d-folds for larger d
have not been constructed systematically and it would also be much more time consuming
to study them with the methods employed in this paper. Nevertheless we can check under
what conditions the extremal Jacobi forms that appear in umbral moonshine [21, 22] can
arise as elliptic genera of Calabi-Yau manifolds or products thereof.
Recall that the elliptic genus of K3, i.e. a Jacobi form of weight 0 and index 1, provides
the first example of umbral moonshine. As we mentioned above, the index 2 Jacobi form
that arises in umbral moonshine would correspond to the elliptic genus of a CY 4-fold
with χ0(CY4) = 0. However, any genuine CY d-fold, by which we mean a manifold whose
holonomy group is SU(d) and not a subgroup thereof, satisfies
χ0(CYd) =
{
0 if d is odd,
2 if d is even.
(3.15)
So we cannot get the extremal Jacobi form of weight 0 and index 2 form from a genuine
CY 4-fold, nor from K3×K3 since χ0(K3×K3) = χ0(K3)2 = 4 (T 4 ×K3 has vanishing
χ0 since χ0(T
4) · χ0(K3) = 0 · 2 = 0 but also vanishing elliptic genus). Above we have
seen, however, that six complex dimensional Calabi-Yau spaces with χ0 = χ1 = 0 have as
elliptic genus the extremal Jacobi form of weight 0 and index 3 that appears in umbral
– 9 –
moonshine. In particular the product of any two CY 3-folds has χ0 = χ1 = 0.
7 The
other interesting Jacobi forms in [21] have weight zero and index 4, 6 and 12. Let us look
first at the case of d = 8 that leads to a Jacobi form with index 4. The relevant form in
umbral moonshine arises for χ0 = χ1 = χ2 = 0. We can again ask whether we can get
this from a product of CY manifolds. Unfortunately the answer is no. For the case of
CY5×CY3 we find χ0 = χ1 = 0 but χ2(CY3 × CY5) ∝ χ(CY3) · χ(CY5). So only if either
χ(CY3) = 0 or χ(CY5) = 0, do we satisfy the required property. However, in that case we
have ZCY3×CY5(τ, z) ∝ χ(CY3) · χ(CY5) = 0. Similarly for the case K3 × CY3 × CY ′3 we
find χ0 = χ1 = 0 but χ2(K3 × CY3 × CY ′3) ∝ χ(CY3) · χ(CY ′3) and ZK3×CY3×CY ′3 (τ, z) ∝
χ(CY3) · χ(CY ′3) and there is again no non-trivial solution.
The same holds true for d = 12 in which case the umbral moonshine Jacobi form arises
as elliptic genus for spaces with χ0 = χ1 = χ2 = χ3 = χ4 = χ6 = 0 which is very restrictive
and does not seem to be realizable by taking products of Calabi-Yau manifolds. The most
promising case, which is the product of four CY 3-folds, has χ0 = χ1 = χ2 = χ3 = 0 but
χ4 6= 0 6= χ6 unless the Euler number of one of CY 3-folds vanishes in which case the entire
elliptic genus is zero as well.
The original umbral moonshine was extended in [22] and there are many further Jacobi
forms that could in principle arise from products of CY manifolds. However, again this
does not seem possible for the cases we checked. For example, there is an extremal Jacobi
form that could arise from the elliptic genus of a CY 10-fold with χ0 = χ1 = χ2 = χ3 = 0,
but again this cannot be realized by taking products of, for example, two K3 surfaces and
two CY 3-folds. Similarly the index 9 extremal Jacobi form in umbral moonshine would
correspond to a Calabi-Yau manifold with χp = 0, ∀p ≤ 7, but the product of six CY
3-folds has χp = 0, ∀p ≤ 5, and χ6 6= 0, if we require the elliptic genus of this product to
be non-vanishing. So it seems that only the extremal Jacobi forms of index 1 and 3 can
arise as elliptic genera of Calabi-Yau manifolds or their products.
4 The twined elliptic genus for specific examples
Above we have shown that the elliptic genus for Calabi-Yau manifolds with d > 3 often
exhibits interesting expansions in terms of N = 2 and sometimes even N = 4 charac-
ters, where the expansion coefficients are related to irreducible representations of sporadic
groups. An obvious question is then: What does this actually mean?
While we do not know the answer we can speculate that it is connected to understand-
ing Mathieu moonshine. By analogy with K3 we expect that not all Calabi-Yau 5-folds
with χCY5 = −48 will have an M24 symmetry at every point in their moduli space. Perhaps
they do not even have such a symmetry at any point in their moduli space at all. However,
the elliptic genus could see some combined symmetry group that arises, for example, from
different points in moduli space via symmetry surfing, again in analogy with K3 [14–16].
On the other hand it is not impossible that some CY 5-folds have a genuine M24 symme-
try at some point in the moduli space and that this could then explain the corresponding
7Recall the useful formula χi(CY × CY ′) = ∑ij=0 χj(CY ) · χi−j(CY ′).
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expansion of the elliptic genus. Something similar could happen for the other cases that
involve Calabi-Yau 4-folds and 6-folds. It would be interesting to study this by classify-
ing all the symmetry groups that arise for certain Calabi-Yau manifolds with d = 4, 5 or
6. However, this seems like a daunting task so we will here settle for the simpler task of
explicitly calculating twined elliptic genera for many different Calabi-Yau manifolds that
are hypersurfaces in weighted projective spaces.
4.1 Calculating the twined elliptic genus
We use the methods developed in [43] (first applied to moonshine in [44]) to calculate elliptic
genera twined by a symmetry of the Calabi-Yau manifold. The Calabi-Yau manifolds we
are interested in are hypersurfaces in weighted projective ambient spaces. A particular
Calabi-Yau d-fold that is a hypersurface in the weighted projective space CPd+1w1...wd+2 is
determined by a solution of p(Φ1, . . . ,Φd+2) = 0, where the Φi denote the homogeneous
coordinates of the weighted projective space and p is a transverse polynomial of degree
m =
∑
iwi. We will now quickly review the results of [43] on how to calculate the elliptic
genus for such manifolds.
We consider a two-dimensional gauged linear sigma model with N = (2, 2) supersym-
metry. We have a U(1) gauge field under which the chiral multiplets Φi have charge wi.
Additionally we have one extra chiral multiplet X with U(1) charge −m. The superpoten-
tial that is invariant under U(1) gauge transformations is given by W = Xp(Φ1, . . . ,Φd+2).
Then the F-term equation ∂W/∂X = p = 0 restricts us to the Calabi-Yau hypersurface
above. We can assign R-charge zero to the Φi and 2 to the chiral multiplet X which ensures
that the superpotential has always the correct R-charge 2.
One can define a refined elliptic genus, depending on the extra chemical potential
x = e2piiu, as
Zref(τ, z, u) = TrRR
(
(−1)FLyJ0qL0− d8xQ(−1)FR q¯L¯0− d8
)
. (4.1)
This refined elliptic genus also keeps track of the U(1) charges Q of the states in the theory.
Each chiral multiplet of U(1) charge Q and R-charge R gives a multiplicative contribution
to this refined elliptic genus that is
ZΦref(τ, z, u) =
θ1
(
τ,
(
R
2 − 1
)
z +Qu
)
θ1
(
τ, R2 z +Qu
) . (4.2)
Our abelian vector field leads to a (u independent) factor
Zvecref (τ, z) =
iη(τ)3
θ1(τ,−z) . (4.3)
Combining these we find for our theory with
• d+ 2 chiral multiplets Φi with U(1) charge wi and zero R-charge,
• one chiral multiplet X with U(1) charge −m and R-charge 2
• and one Abelian vector multiplet
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the following refined elliptic genus
Zref(τ, z, u) = iη(τ)
3
θ1(τ,−z)
θ1 (τ,−mu)
θ1 (τ, z −mu)
d+2∏
i=1
θ1 (τ,−z + wiu)
θ1 (τ, wiu)
. (4.4)
The standard elliptic genus is obtained by integrating over u. This integral localizes to a
sum of contour integrals [43] so that we have
ZCYd(τ, z) =
iη(τ)3
θ1(τ,−z)
∑
uj∈M−sing
∮
u=uj
du
θ1 (τ,−mu)
θ1 (τ, z −mu)
d+2∏
i=1
θ1 (τ,−z + wiu)
θ1 (τ, wiu)
, (4.5)
where M−sing is the space of poles of the integrand where the chiral multiplets become
massless. For a chiral multiplet with U(1) charge Q and R-charge R these singularities are
located at
Qu+
R
2
z = 0 , mod Z+ τZ . (4.6)
In the above formula one can restrict to the singularities for chiral multiplets with Q < 0,
hence the superscript M−sing. In our particular setup only the chiral multiplet X has
negative U(1) charge so the singularities are solutions to
−mu+ z = −k − `τ , k, ` ∈ Z . (4.7)
The integrand above is periodic under the identification u ∼ u+1 ∼ u+τ and the solutions
within one fundamental domain of u are
u = (z + k + `τ)/m , 0 ≤ k, ` < m . (4.8)
So we can rewrite the above expression as
ZCYd(τ, z) =
iη(τ)3
θ1(τ,−z)
m−1∑
k,`=0
∮
u=(k+`τ+z)/m
du
θ1 (τ,−mu)
θ1 (τ, z −mu)
d+2∏
i=1
θ1 (τ,−z + wiu)
θ1 (τ, wiu)
. (4.9)
The above can be further simplified by using properties of the θ-function (see appendix B
of [43] for details). This leads to the following simple formula for the elliptic genus of a
Calabi-Yau d-manifold that is a hypersurface in a weighted projective space and that can
be described by a transverse polynomial:
ZCYd(τ, z) =
m−1∑
k,`=0
e−2pii`z
m
d+2∏
i=1
θ1
(
τ, wim (k + `τ + z)− z
)
θ1
(
τ, wim (k + `τ + z)
)
=
m−1∑
k,`=0
y−`
m
d+2∏
i=1
θ1
(
q, e
2piiwik
m q
wi`
m y
wi
m
−1
)
θ1
(
q, e
2piiwik
m q
wi`
m y
wi
m
) . (4.10)
If we want to twine the elliptic genus by an Abelian symmetry that is generated by an
element g acting via
g : Φi → e2piiαiΦi , i = 1, 2, . . . , d+ 2 , (4.11)
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then this leads to a shift of the original z coordinate (i.e. the second argument) of the
θ1-functions for each Φi by αi. The resulting twined elliptic genus is therefore given by
Z(g)CYd(τ, z) = TrRR
(
g (−1)FLyJ0qL0− d8 (−1)FR q¯L¯0− d8
)
=
m−1∑
k,`=0
e−2pii`z
m
d+2∏
i=1
θ1
(
τ, αi +
wi
m (k + `τ + z)− z
)
θ1
(
τ, αi +
wi
m (k + `τ + z)
)
=
m−1∑
k,`=0
y−`
m
d+2∏
i=1
θ1
(
q, e
2pii
(
αi+
wik
m
)
q
wi`
m y
wi
m
−1
)
θ1
(
q, e
2pii
(
αi+
wik
m
)
q
wi`
m y
wi
m
) . (4.12)
The method of [43] can also be used for non-Abelian permutation symmetries. In this case
one can perform a coordinate transformation that diagonalizes the permutation matrix
that acts on the Φi. In this new basis the action is then again Abelian and the phase
factors are the eigenvalues of the permutation matrix.
4.2 Calabi-Yau 5-folds
We have seen above that up to an overall constant all CY 5-folds allow for a character
expansion that is essentially the same as in Mathieu moonshine. We would now like to
understand the potential meaning of this fact better and we do so by studying explicitly
the twined elliptic genus for many CY 5-folds. A list of 5 757 727 CY 5-folds that can
be described by reflexive polytopes is given on the website [45] under 4 folds -> All
files in the files 6dRefWH.xxx-xxx.gz. However, out of these 5 757 727 CY 5-folds
only 19 353 are described by transverse polynomials in weighted projective spaces. This
is unfortunately required in order to apply our method for calculating the twined elliptic
genus, so that we have 19 353 CY 5-folds at our disposal.
We can now calculate the twined elliptic genus as a power series in q for these examples
to get a better understanding of a potential connection to a sporadic group. Based on the
elliptic genus in equation (3.12)
ZCY5(τ, z) = −
χCY5
48
[
22
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
+
∞∑
n=1
An
(
chN=2
5,n, 3
2
(τ, z) + chN=2
5,n,− 3
2
(τ, z)
)]
, (4.13)
we could hope that the elliptic genus for a genuine CY 5-fold transforms like an overall
constant times the appropriate function from Mathieu moonshine. This happens in partic-
ular for the product CY3×K3, where the elliptic genus is the product of a prefactor χCY3
and a function that exhibits Mathieu moonshine.
For genuine CY 5-folds we can indeed find this behavior. For the hypersurface in the
weighted projective space CP61,1,1,3,5,9,10 we have
ZCY5(τ, z) = 3556 ·
[
22
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
– 13 –
+90
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+ . . .
]
, (4.14)
corresponding to an Euler number of χ = −170 688. For the Z2 symmetry
Z2 :
{
Φ1 → −Φ1 ,
Φ2 → −Φ2 , (4.15)
we find the twined elliptic genus
Ztw,2ACY5 (τ, z) = 14 ·
[
2
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
+6
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+ . . .
]
, (4.16)
which is a twined constant, 14 instead of 3556, multiplied by the 2A series of M24 (see
appendix C for the character tables of M12 and M24 as well as equations (3.5) and (3.8)
for the decomposition of the first few coefficients into irreducible representations). One
can decompose the 3556 in a variety of ways into a sum of dimensions of irreducible
representations of M24 in such a way that one gets 14 upon twining by the 2A element.
So from the above it seems possible that we have an M24 symmetry acting on the elliptic
genus of this particular CY 5-fold. Since the elliptic genus is an index, this symmetry could
arise at certain points in moduli space or everywhere in moduli space or only via symmetry
surfing. This possibility extends to other CY 5-folds, where simple low order twinings agree
with the expectation. Here we list a few interesting examples:
Applying the same order two twining as the one given in equation (4.15) to the Calabi-
Yau hypersurface in the weighted projective space CP61,2,2,3,4,4,8 results again in the 2A
element of M24, but now with a half integral prefactor of 69/2. This might be seen as a
first concern about the appearance of M24 but we could remedy this by restricting ourselves
to M12 instead.
We can likewise study order four twinings by the Z4 symmetry that acts as
Z4 :
{
Φ1 → i Φ1 ,
Φ2 → −i Φ2 . (4.17)
Here we find for the Calabi-Yau hypersurface in CP61,1,1,1,4,4,4 the 4B series with prefactor
42, which is an important answer. Similarly, one can find more specific examples where
particular symmetries for particular Calabi-Yau 5-folds give the expected twining function
of Mathieu moonshine up to an overall prefactor.
One can perform a more systematic study of twinings of small order for CY 5-folds
that are hypersurfaces in weighted projective spaces. We did this for the Calabi-Yau 5-folds
that are listed on the website [45] in the following manner:
1. We took the 19 353 CY 5-folds that are amenable to our method, i.e. that can be
described by a transverse polynomial in the homogeneous coordinates of the ambient
weighted projected space.
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2. Then we used a very simple code to construct a single transverse polynomial. Due
to the simplicity of this code, it found a transverse polynomial only for 18 880 CY
5-folds.
3. We checked this single transverse polynomial for a Z2 symmetry and found that
16 727 of the manifolds have at least one such symmetry.
4. For these 16 727 manifolds we calculated the twined elliptic genus for a single Z2
symmetry to zeroth order in q. If this calculation took too long, then we aborted it.
This led to a set of 13 642 twined elliptic genera, which we believe correspond to a
representative collection of CY 5-folds that are hypersurfaces in weighted projective
spaces of low degree.
We find that the order two twining by the Z2 symmetry always leads to a function
that is a linear combination of the 1A and 2A series of M24 with prefactors that are integer
or half integer. For example, for the Calabi-Yau hypersurface in the weighted projective
space CP61,1,1,1,1,1,3 we find, when twining by the symmetry in equation (4.15), the following
twined elliptic genus
ZtwCY5(τ, z) =
9
2
·
[
22
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
+90
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+O(q2)
]
+ 43 ·
[
6
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
−6
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+O(q2)
]
. (4.18)
It follows from standard CFT arguments [2, 3] that any elliptic genus twined by a group
element g has to be a Jacobi form φg0,m with a potentially non-trivial multiplier under
Γ0(|g|) = {( a bc d ) ∈ SL(2,Z) with c = 0 mod |g|}, where |g| denotes the order of g. This
means that φg0,m transforms like
φg0,m
(
aτ + b
cτ + d
,
z
cτ + d
)
= e
2piicd
|g|hg e
2piimcz2
cτ+d φg0,m(τ, z) ,
(
a b
c d
)
∈ Γ0(|g|) ,
φg0,m(τ, z + λτ + µ) = (−1)2m(λ+µ)e−2piim(λ
2τ+2λz)φg0,m(τ, z) , λ, µ ∈ Z . (4.19)
Since c/|g| and d are integers we find that the above transformation can only lead to a non-
trivial multiplier, i.e. a non-trivial phase in the first transformation law, if hg 6= 1. A list
of the hg for Mathieu moonshine, which is the relevant case for us, is given for example in
table 2 in [6]. In particular one sees there that for 1A and 2A we have h1A = h2A = 1, while
for 2B one has h2B = 2, so that the 2B twined elliptic genus has a non-trivial multiplier.
For low order twinings, the twined elliptic genera of CY 5-folds are generated by very
few basis elements. This follows from the fact that this is the case for Mathieu moonshine
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and K3 manifolds, as discussed for example in [18]. The functions that appear for CY 5-
folds are simply the product of φ0, 3
2
and the functions that appear for K3. This is implied
by Lemma 1.4 in [26]. We are particularly interested in order two twinings and would
like to know whether they match the expectation of Mathieu moonshine, i.e. whether the
expansion coefficients conform to the 2A or 2B expectation. On general grounds twined
elliptic genera of order two transform under Γ0(2) potentially with a non-trivial multiplier.
If there is no non-trivial multiplier, then the answer has to be a linear combination of the
1A element and the 2A element, since these are the generators of all modular functions of
Γ0(2) without multiplier and with weight zero and index m =
5
2 . If there is a non-trivial
multiplier then we expect the answer to be proportional to the 2B element. However, in
all our studies we never found the 2B element. Whenever we found a twined elliptic genus
that looked to lowest order in q like 2B with a prefactor, then we found by calculating
the next to leading order that it is in fact a linear combination of 1A and 2A that agrees
with 2B at lowest order. This was expected since we only consider geometric symmetries
that cannot lead to a non-trivial multiplier, since the latter arises from the failure of level
matching in the g-twisted sector. This failure to level match can only occur for symmetries
that act asymmetrically on left- and right-movers, which is not the case for our geometric
symmetries.8 This means all our twined elliptic genera have to be linear combinations of
the 1A and 2A elements of M24. Since each coefficient in the expansion of the elliptic
genus counts states with a given mass and charge, all the expansion coefficients of the basis
functions have to have integer coefficients. This means that for our geometric order two
twinings, we expect the answer to be a linear combination with integer coefficients of the
following two basis functions
f1a(τ, z) = 11
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
−
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
+45
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+ . . . , (4.20)
f2a(τ, z) = 3
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
−
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
−3
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+ . . . . (4.21)
These two basis function are 1/2 times the expected 1A and 2A series from Mathieu moon-
shine, respectively. The factor of 1/2 arises because in Mathieu moonshine all coefficients
in the character expansion are even integers.
Out of the 13 642 twined elliptic genera we find in 927 cases an answer that is propor-
tional to f2a. For 811 of these the overall coefficient is an even integer and these function
are then in agreement with the expectation of an M24 symmetry (and for the remaining
116 cases the prefactor is odd and is therefore in agreement with the 2B element in M12
which corresponds to the 2A element of M24 and therefore to f2a(τ, z) above). We are
now facing the question of whether this is due to pure chance or arises because some of
these manifolds actually have a sporadic symmetry. In figure 1 we show a histogram of the
coefficients of the f1a function for our 13 642 twined elliptic genera.
8We thank the referee of this paper for pointing this out to us.
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Figure 1: A histogram of the coefficients of f1a for the 13 642 twined elliptic genera. The
coefficients peak near zero and as can be seen on the zoomed in histogram on the right
this peaking is potentially larger than expected. We also see that even integer coefficients
appear substantially more frequent.
We see clearly that the coefficients peak at zero. This peaking near smaller values
might be expected when plotting all coefficients as we did on the left side of figure 1 since
there are a few outliers with rather large values. However, once we zoom in to the region
near zero, we see that there is a clear peak at zero. Since a zero coefficient for f1a is roughly
twice as likely as a non-zero even integer coefficient it is not quite clear whether we can
attritube our 927 instances of a twined elliptic genus proportional to f2a to chance or not.
We therefore analyzed these 927 cases further:
1. We tried to generate a large number of Z2 symmetries for each of these 927 examples
and calculated their elliptic genera for all these different Z2.
2. For almost all cases with multiple Z2 symmetries we found the single instance of an
elliptic genus that is proportional to 2A and several other order two twined elliptic
genera that are linear combinations of f1a and f2a. This excludes an action of only
M24 and supports the explanation that interesting twining genera arose by chance.
3. For cases that had only one obvious Z2 symmetry we tried higher order twinings by
Abelian symmetries. For all cases we found at least one symmetry that leads to a
twined elliptic genus that is not consistent with the M24 (or M12) expectation.
So based on our study of order two (and sometimes also higher order) symmetries we
can exclude the possibility that any of the 13 642 CY 5-folds we studied has a strict M24
symmetry. Our results are all consistent with the expectation that these CY 5-folds have
small discrete symmetry groups at certain points in moduli space but no large sporadic
symmetry. However, we cannot exclude the more exotic possibility of symmetry groups
that are even larger than M24 and, as indicated by our results above, should contain one
or several Z2’s in addition to the M24 symmetry group.
Another highly speculative possibility that one could entertain is that generic CY 5-
folds have multiple copies of M24 as symmetry groups of their superconformal field theories.
So instead of interpreting the pre-factor −χCY548 as a particular sum of irreducible represen-
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tations of a single M24, we could have potentially up to
∣∣χCY5
48
∣∣ different M24 symmetries.9
A geometric Z2 symmetry could then correspond to the 1A element in some of the M24’s
and to the 2A element in other M24 groups and the prefactor could be a sum of non-trivial
irreducible representations for some of the M24 symmetries. This would be consistent with
all the results above (except for cases with half integral coefficients that would require
us to replace M24 by M12). While this logical possibility is unmotivated and most likely
wrong, it is usually hard to falsify. The only cases where a check is rather straightforward
are provided by the most interesting examples of CY 5-folds, namely the ones with Euler
numbers χ(CY5) = ±24 and χ(CY5) = ±48. Based on the expansion of their elliptic genus,
they could have a single M24 symmetry group for χ(CY5) = ±48 or a single M12 symmetry
group for χ(CY5) = ±24. Unfortunately, scanning through the list of [45], we find that out
of the 19 353 examples only a single one has such a small10 Euler number. This is due to the
fact that the examples from [45] all have a rather small sum of weights m =
∑
iwi ≤ 200
and hence mostly a rather large negative Euler number. It is possible to use PALP [46]
to go to larger m, but this is rather time consuming and would not lead to a much larger
sample of CY 5-folds with small Euler number.
In order to generate a few dozens of examples of CY 5-folds with Euler number ±24
and ±48 we proceeded as follows: First we partitioned an integer m into seven integer
weights wi. Then we checked whether the Poincare polynomial
P (x) =
7∏
i=1
1− xm−wi
1− xwi (4.22)
evaluated at x = 1 is an integer. This substantially reduces the number of possible examples
and is a very fast check. Next we apply the formula
χ =
1
m
m∑
k=1
m∑
l=1
∏
gcd(l,k)·wi
m
∈Z
wi −m
wi
(4.23)
for the Euler number (see [47] for a derivation based on [48]) to the remaining cases and
proceed only if it results in ±24 or ±48. Then the weights wi may or may not correspond
to a weighted projective space that allows for a CY5 hypersurface that is described by
a transverse polynomial. For 7 ≤ m ≤ 600 we calculated all such weight systems and
then checked them explicitly with PALP [46], which was easy due to the small number
of remaining cases. In this way we were able to generate dozens of examples with small
Euler numbers. In order to check whether these examples correspond to different manifolds
we calculated all their Hodge numbers. In a few instances we found pairs or triplets of
manifolds with the same Hodge numbers, so that the possibility exists that these mani-
folds are diffeomorphic although they are described by hypersurfaces in different weighted
projective spaces. For all of these examples we found all possible geometric Z2 symmetries
using PALP. In table 1 we list the number of manifolds that we constructed, the number of
9Or analogously up to
∣∣∣χCY524 ∣∣∣ different M12 symmetries. We restrict to the M24 case here for clarity of
the presentation.
10Recall that χ(CY5) is always divisible by 24.
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Euler number number of examples cases with Z2 symmetries reflexive cases
χ = −48 72 (67) 64 (59) 6 (6)
χ = +48 68 (59) 51 (43) 4 (4)
χ = −24 32 (29) 26 (23) 4 (4)
χ = +24 27 (24) 25 (22) 4 (4)
Table 1: The number of Calabi-Yau 5-folds that we constructed as hypersurfaces in
weighted projective spaces. The values in parenthesis give the number of Calabi-Yau man-
ifolds with different Hodge numbers.
examples with a Z2 symmetry and the number of those that can be described by reflexive
polytopes.
We twined all of the above examples by all of their geometric Z2 symmetries and found
a somewhat surprising result: For the cases of χ = +48 and χ = −48 we find twined elliptic
genera that are proportional to the 2A expectation of M24 in 3.4% and 5.2% of the cases,
respectively. Looking at the histogram plot of the coefficients of f1A we find that zero is
not more likely than other small values and there is no peaking as in the right plot in figure
1. Likewise the preference for even coefficients is not apparent. We note, however, the
peculiar fact that the cases that give something proportional to 2A have prefactors with
absolute values larger than one. Recall that these manifolds have elliptic genera of
Zχ=±48CY5 (τ, z) = ∓
[
22
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 2
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
+
∞∑
n=1
An
(
chN=2
5,n, 3
2
(τ, z) + chN=2
5,n,− 3
2
(τ, z)
) ]
= ∓2f1a(τ, z) , (4.24)
i.e. a function whose coefficients are all sums of irreducible representations of M24 without
an overall prefactor. One would therefore have hoped that the twined functions, if they
are 2A of M24, have no additional prefactor either, i.e we would have expected to find
±2f2a, but we find instead {−42f2a,−38f2a,−22f2a,−6f2a, 50f2a}, i.e. we never got the
2A series of M24 on the nose. This might also be surprising for another reason: The states
counted with sign by the elliptic genus (3.1) can arise from a cancellation only if we are at
a special point in moduli space where we have states with the same mass and charge but
different statistics. In the absence of such cancellations the twined elliptic genus should
never indicate a larger number of states with a given mass and charge than the untwined
one (since in the twined case we just count the states that are invariant under the twining).
However this is exactly what we observe in some cases. For example for the Calabi-Yau
5-fold that is a hypersurface in the weighted projective space CP616,17,17,34,58,62,102 we find
the elliptic genus given in equation (4.24) with a plus sign since this space has χ = −48.
Upon twining by a Z2 symmetry that acts as
Z2 :
{
Φ2 → −Φ2 ,
Φ6 → −Φ6 , (4.25)
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we find the following twined elliptic genus
ZtwCY5(τ, z) = 150
(
chN=2
5,0, 1
2
(τ, z) + chN=2
5,0,− 1
2
(τ, z)
)
− 50
(
chN=2
5,0, 3
2
(τ, z) + chN=2
5,0,− 3
2
(τ, z)
)
−150
(
chN=2
5,1, 3
2
(τ, z) + chN=2
5,1,− 3
2
(τ, z)
)
+O(q2)
= 50f2a(τ, z) . (4.26)
For example the 22 states that multiply chN=2
5,0, 1
2
(τ, z)+chN=2
5,0,− 1
2
(τ, z) in equation (4.24) have
now become 150 states. The 22 untwined states must have arisen from a cancellation be-
tween n+22 bosonic states and n fermionic states, according to the signs in equation (3.1).
Upon twining we have m + 150 bosonic states and m fermionic states. This means that
we have n+ 22 > m+ 150 since in the twined case we do not count all states but just the
ones invariant under the twining. By comparing equations (4.24) and (4.26) we see that
in this example there must have been such a cancellation of states at each level since the
twined elliptic genus has larger expansion coefficients. This is something that we noticed
quite generally and not just for the cases with small Euler number. This can probably
be understood as follows: Generic CY 5-folds have several Hodge numbers that are large
compared to 48 so in order to get a small Euler number, these large numbers have to cancel
rather precisely. For example for the case above we have the non-trivial Hodge numbers
h1,1 = 25, h1,2 = 0, h1,3 = 232, h1,4 = 259, h2,2 = 1692, h2,3 = 1946. (4.27)
For any Calabi-Yau 5-fold one has (see page 6 in [26])
χ0 = χ5 = 0, χ1 = χ4 = − 1
24
χCY5 , χ2 = χ3 =
11
24
χCY5 , (4.28)
which is consistent with the Hodge numbers above and χCY5 = −48. When we twine and
thereby remove some states, then this cancellation between large numbers is generically not
as good anymore and the expansion coefficients for the twined cases are therefore larger.
We would also like to note that the ambient weighted projective spaces with six complex
dimensions are generically singular and the Calabi-Yau 5-manifolds that are hypersurfaces
in these spaces are likewise singular. So our large class of Calabi-Yau hypersurfaces in
weighted projective spaces consists of CY 5-folds that are generically singular and that are
somewhat special in this sense. However, this by itself does not explain why we do not
see a connection to the Mathieu group for any of these cases. For example T 4/Z2 is a
singular limit of K3 and it nevertheless gives rise to many twined series that one expects
from Mathieu moonshine.
Lastly, we discuss the twining by order two elements for the Calabi-Yau manifolds with
χ = ±24 that we constructed. For all of these examples we calculated between one and
fourteen Z2 twinings each but never found a twined elliptic genus that is proportional to
f2a. So all our answers are linear combinations of f1a and f2a with non-zero coefficients for
both functions. It might be noteworthy here that for the cases with χ = ±48 we sometimes
found order two twined series that are proportional to f1a with a coefficient whose absolute
value is larger than 2. Something like this did not occur for the cases with χ = ±24. We
can thus exclude the existence of a strict M24 or M12 symmetry for the over one hundred
examples with χ = ±48 and χ = ±24 that we constructed.
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4.3 Calabi-Yau 6-folds
Above we have seen an interesting connection between the product of two CY 3-folds and a
particular instance of umbral moonshine. It is, however, unclear how to get further mileage
out of this: The twined elliptic genus of a CY 3-fold is proportional to the untwined elliptic
genus since it has essentially a trivial expansion and only the prefactor can change. Let us
look, for example, at the quintic, i.e. the CY 3-fold given by a hypersurface in CP41,1,1,1,1.
Its elliptic genus is given by
Zquintic(τ, z) = −100φ0, 3
2
= −100
(
chN=2
3,0, 1
2
(τ, z) + chN=2
3,0,− 1
2
(τ, z)
)
. (4.29)
If we now twine by an order 5 symmetry that acts on the first two coordinates as
g : Φ1 → e2pii/5Φ1 , Φ2 → e−2pii/5Φ2 , (4.30)
we find
Z(g)quintic(τ, z) = −5φ0, 3
2
= −5
(
chN=2
3,0, 1
2
(τ, z) + chN=2
3,0,− 1
2
(τ, z)
)
. (4.31)
So, as expected, the expansion coefficients that are zero to begin with remain zero and
only the one single non-vanishing coefficient can change. This means that a twined CY
3-fold will always have an elliptic genus that is proportional to φ0, 3
2
. Hence if we twine the
product of two CY 3-folds then we always get the same function, φ2
0, 3
2
, just with another
prefactor. Therefore from this construction we will never get the expected twined series
for elements in 2.AGL3(2). Furthermore, the conformal field theory with target space
being the product of two CY 3-folds has N = (2, 2) worldsheet supersymmetry, while the
expansion in umbral moonshine is in terms of N = 4 characters (cf. equation (3.14)).
5 A toroidal orbifold and two Gepner models
Above we have twined a large number of CY 5-folds and found no evidence for a con-
nection between these particular manifolds and the sporadic group M24 whose irreducible
representations appear in the expansion of the elliptic genus. These results suggest that
generic CY 5-folds are not involved in Mathieu moonshine. However, it is still possible
that one or several special CY 5-folds have M24 as their symmetry group or that they are
connected to and could potentially explain Mathieu moonshine in some other way. In the
absence of a complete list of CY 5-folds (it is not even known whether there are finitely
many) we cannot exclude this possibility. However, we can check particular special cases
that have large symmetry groups, such as toroidal orbifolds or Gepner models. For such
models it is not only possible to compute the elliptic genus but one can also calculate the
Hodge-elliptic genus [49, 50] or the full partition function. If these models have an actual
M24 symmetry, then coefficients in the elliptic genus, the Hodge-elliptic genus and the full
partition function should be sums of irreducible representations of M24.
11 However, in the
examples below the coefficients are rather large so guessing or seeing a potential decom-
position into irreducible representation of M24 is non-trivial. We therefore calculate the
twined elliptic genus only.
11We thank Shamit Kachru for mentioning this possibility.
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Toroidal orbifolds T 10/G for a discrete group G are abundant and we do not attempt
to classify all possible G and calculate corresponding twined elliptic genera. Let us however
make a few general comments: Monstrous moonshine and Conway moonshine (and in some
way also Mathieu moonshine) are connected to Z2 orbifolds that change the sign of all
coordinates of a torus. However in all these cases the torus involved is Tn with n divisible
by 4. This is not the case for us. The T 10/Z2 orbifold with the the sign-changing Z2 has
no holomorphic 5-form and its elliptic genus cannot be expanded in N = 2 characters.
If the group G = G1 × G2 factorizes such that T 10/G = T 4/G1 × T 6/G2 then we have
for G1 = Zm, m = 2, 3, 4, 6 the product of a singular limit of K3 with a complex three
dimensional space. In this case we expect trivially the same connection to M24 as in the
K3 case. So let us look at a different highly symmetric case of a toroidal orbifold of T 10.
We take G = Z42 where the Z2 are generated by ga, a = 1, 2, 3, 4 with the following
actions on the five complex coordinates of T 10
g1 : {z1, z2, z3, z4, z5} → {−z1,−z2, z3, z4, z5} ,
g2 : {z1, z2, z3, z4, z5} → {z1,−z2,−z3, z4, z5} ,
g3 : {z1, z2, z3, z4, z5} → {z1, z2,−z3,−z4, z5} ,
g4 : {z1, z2, z3, z4, z5} → {z1, z2, z3,−z4,−z5} . (5.1)
This leads to the following elliptic genus
ZT 10/Z42(τ, z) = 160φ0, 32φ0,1
= 1280
[
θ2(τ, z)
3θ3(τ, z)θ4(τ, z)
θ2(τ, 0)3θ3(τ, 0)θ4(τ, 0)
+
θ2(τ, z)θ3(τ, z)
3θ4(τ, z)
θ2(τ, 0)θ3(τ, 0)3θ4(τ, 0)
+
θ2(τ, z)θ3(τ, z)θ4(τ, z)
3
θ2(τ, 0)θ3(τ, 0)θ4(τ, 0)3
]
. (5.2)
We can now twine the above, for example, by the symmetry g that acts as
g : {z1, z2, z3, z4, z5} → {iz1,−iz2, z3, z4, z5} . (5.3)
This is an order two symmetry since g2 = g1. The resulting twined elliptic genus is
ZtwT 10/Z42(τ, z) = 16
[
6
4∑
j=1
tj(
1
4)tj(−14)t2(0)t3(0)t4(0)
+
[
t2(0)
2 + t3(0)
2 + t4(0)
2
] 4∑
k=2
[
t1(
1
4)tk(−14) + tk(14)t1(−14)
]
tk(0)
+
[
t2(0)
2 + t3(0)
2 + t4(0)
2
] ∑
k1 6=k2 6=k3 6=k1
k1,k2,k3∈{2,3,4}
tk1(
1
4)tk2(−14)tk3(0)
+
∑
k1 6=k2 6=k3 6=k1
k1,k2,k3∈{2,3,4}
[
t1(
1
4)tk3(−14) + tk3(14)t1(−14) + 2tk1(14)tk2(−14)
]
· (tk1(0)2 + tk2(0)2) tk3(0)]
= 56f1a + 48f2a , (5.4)
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where we used the shorthand notation tj(x) =
θj(τ,z+x)
θj(τ,x)
. We see that we again find a linear
combination of the f1a and f2a functions, which was required by modular invariance. Note
that this particular twining for the K3 orbifold T 4/Z2 corresponds to the 2A element of
M24 while here there is no connection to M24.
Next we would like to study two Gepner models that are highly symmetric, namely
the models (1)15 and (2)10, i.e. we consider the orbifold by Zk+2 of the tensor product of
15 or 10 minimal modes of Ak+1 type for k = 1 and k = 2, respectively. It was explained
how to calculate the elliptic genus for the orbifolded tensor product of minimal models in
[23, 51] (this was applied to moonshine in [52]). Each Ak+1 minimal model is obtained from
a chiral multiplet Φ with superpotential W = Φ
k+2
k+2 and gives a multiplicative contribution
of
Zk(τ, z) =
θ1
(
τ, k+1k+2z
)
θ1
(
τ, 1k+2z
) (5.5)
to the elliptic genus that, due to the Zk+2 orbifold, is then given by
ZGepner(τ, z) = 1
k + 2
k+1∑
a,b=0
e
piic
6
(a+b)e
2piic
6
(a2τ+2az)(Zk(τ, z + aτ + b))
N . (5.6)
Here c denotes the central charge of the model, which is c = 15 in our case, and N is the
number of minimal models (N = 15 or N = 10). From the above we find the elliptic genera
Z(1)15(τ, z) = −455φ0, 3
2
φ0,1 , (5.7)
Z(2)10(τ, z) = −615φ0, 3
2
φ0,1 . (5.8)
We can again twine these models by an Abelian symmetry. If the Abelian symmetry
multiplies the chiral multiplet by a phase Φ→ e2piiαΦ, then the contribution to the twined
elliptic genus is
Zk,α(τ, z) =
θ1
(
τ, k+1k+2z − α
)
θ1
(
τ, 1k+2z + α
) . (5.9)
This leads to the formula
ZtwGepner(τ, z) =
1
k + 2
k+1∑
a,b=0
e
piic
6
(a+b)e
2piic
6
(a2τ+2az)
N∏
i=1
Zk,αi(τ, z + aτ + b) . (5.10)
Let us consider the simple Z2 symmetry that acts by multiplication with a minus sign on
the first two chiral multiplets. This results in the twined elliptic genera
Ztw(1)15(τ, z) = 77f1a + 110f2a , (5.11)
Ztw(2)10(τ, z) = 35f1a + 100f2a . (5.12)
So we again find linear combinations of f1a and f2a. Note that this particular twining for
the Gepner models (1)6 and (2)4 that describe K3 manifolds corresponds in both cases to
the 2A element of M24. So based on this we can conclude that the elliptic genus of K3
seems to certainly exhibit a connection to M24 while corresponding models with c = 15
generically do not share this features.
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6 Conclusions
The observation by Eguchi, Ooguri and Tachikawa that the elliptic genus of the K3 manifold
is related to the largest Mathieu group M24 [1] has started a new era in moonshine in 2010.
Since this Mathieu moonshine involves superconformal field theories and Calabi-Yau man-
ifolds of low dimension, it has generated a lot of activity and led to tremendous progress:
Mathieu moonshine has been generalized to umbral moonshine and many new related and
unrelated moonshine phenomena have been discovered in the last several years. Despite
all this progress, however, we still lack a satisfactory explanation of Mathieu moonshine.
Mathieu moonshine connects the Jacobi form 2φ0,1 to the Mathieu group M24 but up
to date it is not settled with absolute certainty that Mathieu moonshine is also connected
to the K3 manifold whose elliptic genus is also 2φ0,1. The situation should be compared to
Monstrous moonshine, where the J(τ) function is connected to the Monster group. This
connection can be understood via a compactification of the chiral bosonic string theory on
the orbifold R24/ΛLeech/Z2. This orbifold space has the Monster group as its symmetry
and the compactification has the J(τ) function as its partition function. However, since
J(τ) is the unique function (up to an additive constant) that is modular invariant and has
a single pole at τ = i∞, it appears in many other places in physics and mathematics. It
seems likely that most or all of these other occurrences have no connection to the Monster
group.
To settle the question of whether K3 is actually related to M24 or whether the ap-
pearance of 2φ0,1 is just an unrelated coincidence, it seems that one could just check the
symmetry groups of K3 at different points in moduli space. While these symmetry groups
[17] are never exactly M24, this does not necessarily mean that there is no connection to
Mathieu moonshine. In particular, K3 has a moduli space and different points in moduli
space have different symmetry groups. So one should ask which group is relevant for the
elliptic genus which counts a subset of states independently of where we are in moduli
space. These questions are not easily answered but it has been shown that twined elliptic
genera for K3 manifolds give all the McKay-Thompson series of Mathieu moonshine plus
several extra twined elliptic genera that one would not have expected based on Mathieu
moonshine alone [18]. At the same time the idea of symmetry surfing has been pursued,
in which one tries to find an explicit M24 symmetry by combining the symmetry groups
at different points in K3 moduli space [13–16]. In this paper we followed a different path
and studied the elliptic genus for other Calabi-Yau manifolds with an eye for potential
connections to sporadic groups. While this was not our original goal, we believe that our
results further strengthen the connection between the K3 manifold and M24 as we explain
below.
The elliptic genus for Calabi-Yau manifolds with d complex dimensions is a Jacobi
form with weight zero and index d/2. These Jacobi forms are generated by very few basis
elements and the coefficients can be fixed in terms of very few topological data of the
corresponding Calabi-Yau manifold. For CY 3-folds the elliptic genus expanded in terms
of N = 2 superconformal characters is trivial and has only two non-zero coefficients that
are both fixed by the Euler number of the CY 3-fold. For CY4 manifolds the elliptic genus
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has two basis elements and there seem to exist many interesting connections to sporadic
groups that will be explored in a companion paper [24].
In this paper we mostly focused on CY 5-folds, whose elliptic genus is fixed entirely by
the Euler number. Up to an overall prefactor that is proportional to the Euler number, this
elliptic genus has the same expansion in terms of N = 2 superconformal characters as the
elliptic genus of K3, i.e. all the expansion coefficients are given by sums of dimensions of
irreducible representations of M24. To some extent this puts CY 5-folds on an equal footing
with K3, at least CY 5-folds with Euler number ±48 for which the overall prefactor is ±1,
and the expansion of the elliptic genus in superconformal characters for these CY 5-folds
is essentially the same as for the K3 manifold. Given this basic observation we set out to
investigate what this means by calculating twined elliptic genera for a large number of CY
5-folds with arbitrary Euler number that are hypersurfaces in weighted projective spaces.
The reason that we also study CY 5-folds with Euler number different from ±48, whose
elliptic genus expansion agrees with the K3 elliptic genus expansion only up to a prefactor,
is that the product spaces K3×CY3 have an elliptic genus that likewise agrees with the K3
elliptic genus expansion only up to a prefactor. However, since these product spaces have
an explicit K3 factor they inherit any potential connection to Mathieu moonshine from K3.
Therefore it is interesting to check whether generic CY 5-folds exhibit a similar connection
as well.
While we found for several CY 5-folds twined elliptic genera that are compatible with
the expectation from Mathieu moonshine, it seems possible to attribute these occurrences
to pure chance. Given our large set of elliptic genera twined by an order two element, we can
make this a little bit more precise. By modular invariance we know that the twined elliptic
genus in this case has to be a linear combination of the untwined 1A elliptic genus and the
expected twined series corresponding to the 2A element of M24, i.e. Ztwell = c1af1a + c2af2a
with generically non-vanishing c1a and c2a. This is indeed what we found for the majority
of the more than thirteen thousand twined elliptic genera that we computed, but in roughly
900 cases only the 2A element of M24 occurred, i.e. we found c1a = 0. While this seems
statistically slightly dominant over other values for c1a (cf. the right side of figure 1),
this does not imply that these cases are connected to M24. We explicitly showed this by
calculating other order two (or higher) twinings for these roughly 900 examples and we
always also found some other twined series that are not consistent with the expectation
from Mathieu moonshine.
As mentioned above, CY 5-folds with Euler number ±48 have essentially the same
character expansion of the elliptic genus as the K3 manifold so they deserve particular
attention. Since we were only aware of a single example of such a manifold, we constructed
over a hundred new examples and studied their twining. We again find order two twined
elliptic genera that are linear combinations as above, Ztwell = c1af1a+c2af2a, with generically
non-vanishing c1a and c2a. As before we found a few cases with c1a = 0, but this occurred
even less often than for the CY 5-folds with other Euler numbers that we studied before. So
it seems plausible to attribute these occurrences to pure chance rather than a connection
to M24. Furthermore, in all these cases we started with the same expansion coefficients
for the untwined elliptic genus as for K3 but we then got the 2A series with an additional
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prefactor that was much larger than one. We attributed this initially surprising observation
to generic cancellation between states for CY 5-folds with small Euler numbers (see the
end of subsection 4.2 for details).
In addition to the large number of CY 5-folds that we studied that were all hypersur-
faces in weighted projective space, we also investigated the orbifold T 10/Z42 and the Gepner
models (1)15 and (2)10. We calculated the elliptic genus for a simple order two twining
and also found for these highly symmetric cases a twined elliptic genus that was of the
form Ztwell = c1af1a + c2af2a with non-vanishing c1a and c2a. Lacking a complete list of CY
5-folds, we cannot exclude the possibility that some of them may be related to the sporadic
group M24. Based on our study, however, we can at least say that generically there seems
to be no connection.
Moonshine phenomena are special, rare and surprising connections between particular
functions and sporadic groups. In several cases they can be explained by explicit construc-
tions involving conformal field theories with specific target spaces. Given the fact that
many CY 5-folds have essentially the same character expansion for their elliptic genus as
the K3 surface one might have worried (or hoped) that Mathieu moonshine would poten-
tially not just involve K3 but also a huge number of CY 5-folds. Our results show, based
on the twined elliptic genera for CY 5-folds, that this does not seem to be the case. In
addition to all the arguments that have been provided for a connection between the K3
surface and Mathieu moonshine in the last several years, we find further evidence from the
simple fact that the twined elliptic genera for the K3 manifold agree with the expectation
from Mathieu moonshine, while they generically do not agree for the CY 5-folds we studied.
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A Conventions
A.1 Jacobi theta functions
The Jacobi theta functions θi(τ, z), i = 1, · · · , 4 are defined as
θ1(τ, z) = −i
∑
n+ 1
2
∈Z
(−1)n− 12 ynq n
2
2
= −iq 18
(
y
1
2 − y− 12
) ∞∏
n=1
(1− qn) (1− yqn) (1− y−1qn) , (A.1)
θ2(τ, z) =
∑
n+ 1
2
∈Z
ynq
n2
2
= q
1
8
(
y
1
2 + y−
1
2
) ∞∏
n=1
(1− qn) (1 + yqn) (1 + y−1qn) , (A.2)
θ3(τ, z) =
∑
n∈Z
ynq
n2
2
=
∞∏
n=1
(1− qn)
(
1 + yqn−
1
2
)(
1 + y−1qn−
1
2
)
, (A.3)
θ4(τ, z) =
∑
n∈Z
(−1)n ynq n
2
2
=
∞∏
n=1
(1− qn)
(
1− yqn− 12
)(
1− y−1qn− 12
)
, (A.4)
where we used q = e2piiτ and y = e2piiz. We also use the notation for the truncated Jacobi
theta function θi(τ) = θi(τ, z = 0), i = 1, 2, 3, 4. The truncated Jacobi theta function can
be used to define the Dedekind eta function as
η(τ) =
(
1
2
θ2(τ)θ3(τ)θ4(τ)
) 1
3
= q
1
24
∞∏
n=1
(1− qn) . (A.5)
A.2 Eisenstein series
The Eisenstein series of weights 4 and 6 can likewise be expressed in terms of the θi(τ)
functions
E4(τ) =
1
2
4∑
i=2
θi(τ)
8 , (A.6)
E6(τ) =
1
2
(
θ4(τ)
8
(
θ2(τ)
4 + θ3(τ)
4
)
+ θ3(τ)
8
(
θ4(τ)
4 − θ2(τ)4
)− θ2(τ)8 (θ3(τ)4 + θ4(τ)4)) .
(A.7)
– 27 –
The Eisenstein series have the following Fourier decomposition
E4(τ) = 1 + 240
∞∑
n=1
n3qn
1− qn = 1 + 240q + 2160q
2 + . . . , (A.8)
E6(τ) = 1− 504
∞∑
n=1
n5qn
1− qn = 1− 504q − 16632q
2 + . . . . (A.9)
A.3 Jacobi forms
The Jacobi forms φk,m(τ, z) of weight k and index m that we use in this paper are defined
as follows:
φ0,1(τ, z) = 4
((
θ2(τ, z)
θ2(τ, 0)
)2
+
(
θ3(τ, z)
θ3(τ, 0)
)2
+
(
θ4(τ, z)
θ4(τ, 0)
)2)
(A.10)
=
1
y
+ 10 + y +O(q) ,
φ−2,1(τ, z) =
θ1(τ, z)
2
η(τ)6
(A.11)
= −1
y
+ 2− y +O(q) ,
φ0, 3
2
(τ, z) = 2
θ2(τ, z)
θ2(τ, 0)
θ3(τ, z)
θ3(τ, 0)
θ4(τ, z)
θ4(τ, 0)
(A.12)
=
1√
y
+
√
y +O(q) .
B Superconformal characters
B.1 (Extended) N = 2 characters
For the (extended) N = 2 superconformal algebra with central charge c = 3d, let |Ω〉
denote a highest weight state with eigenvalues h, ` w.r.t. L0 and J0. Writing Hh,` for the
representation belonging to |Ω〉 we define the (graded) N = 2 characters in the Ramond
sector through
chN=2d,h− c
24
,`(τ, z) = trHh,`((−1)F qL0−
c
24 e2piizJ0) , (B.1)
where F is the fermion number and q = e2piiτ . Below we will also use y = e2piiz. In the
Ramond sector unitarity requires h ≥ c24 = d8 .
The characters [53–55] are given by (using the conventions of [27]12):
• Massles (BPS) representations exist for h = d8 ; ` = d2 , d2 − 1, d2 − 2, . . . ,−(d2 − 1),−d2 .
For d2 > ` ≥ 0 they are given by
chN=2d,0,`≥0(τ, z) = (−1)`+
d
2
(−i)θ1(τ, z)
η(τ)3
y`+
1
2
∑
n∈Z
q
d−1
2
n2+(`+ 1
2
)n (−y)(d−1)n
1− yqn , (B.2)
12Note that our definition of θ1(τ, z) differs by a minus sign from the definition used there.
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and for ` = d2 one has
chN=2
d,0, d
2
(τ, z) = (−1)d (−i)θ1(τ, z)
η(τ)3
y
d+1
2
∑
n∈Z
q
d−1
2
n2+ d+1
2
n (1− q) (−y)(d−1)n
(1− yqn)(1− yqn+1) . (B.3)
• Massive (non-BPS) representations exist for h > d8 ; ` = d2 , d2 − 1, . . . ,−(d2 − 1),−d2
and ` 6= 0 for d = even. For ` > 0 we have
chN=2d,h− c
24
,`>0(τ, z) = (−1)`+
d
2 qh−
d
8
iθ1(τ, z)
η(τ)3
y`−
1
2
∑
n∈Z
q
d−1
2
n2+(`− 1
2
)n (−y)(d−1)n . (B.4)
In both cases the characters for ` < 0 are given by
chN=2d,h− c
24
,`<0(τ, z) = ch
N=2
d,h−c/24,−`>0(τ,−z). (B.5)
The Witten index of a massless representation is given by
chN=2d,0,`≥0(τ, z = 0) =
{
(−1)`+ d2 , for 0 ≤ ` < d2 ,
1 + (−1)d, for ` = d2 .
(B.6)
B.2 N = 4 characters
Analogously to the N = 2 case the (graded) characters of the N = 4 superconformal
algebra with central charge c = 3d, and d even, in the Ramond sector are defined as
chN=4d,h− c
24
,`(τ, z) = trHh,`((−1)F qL0−
c
24 e4piizT
3
0 ), (B.7)
where h and ` are the eigenvalues of L0 and T
3
0 of the highest weight state belonging to
the representation Hh,`. As in the N = 2 case unitarity requires h ≥ d8 .
The characters [56] are given by (using conventions from [57])
• Massless representation exist for h = d8 , ` = 0, 12 . . . , d4 and are given by
chN=4d,0,` (τ, z) =
i
θ1(τ, 2z)
θ1(τ, z)
2
η(τ)3
∑
ε=±1
∑
m∈Z
ε
e4piiε((
d
2
+1)m+`)(z+ 1
2
)
(1− y−εq−m)2 q
( d
2
+1)m2+2`m. (B.8)
In particular for ` = 0 this may be written as
chN=4d,0,0 (τ, z) =
−i
θ1(τ, 2z)
θ1(τ, z)
2
η(τ)3
∑
m∈Z
q(
d
2
+1)m2y(d+2)m
1 + yqm
1− yqm . (B.9)
• Massive representation exist for h > d8 , ` = 12 , 1, . . . , d4 and are given by
chN=4d,h− c
24
,`(τ, z) = iq
h− 2`2
d+2
− d
8
θ1(τ, z)
2
θ1(τ, 2z)η(τ)3
(
ϑ d
2
+1,2`(τ, z +
1
2
)− ϑ d
2
+1,−2`(τ, z +
1
2
)
)
,
(B.10)
where
ϑP,a(τ, z) =
∑
n∈Z
q
(2Pn+a)2
4P y2Pn+a . (B.11)
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With the help of the N = 4 characters combinations of massless N = 2 characters which
are even in z can be expressed in the following way
chN=2
d,0, 1
2
(τ, z) + chN=2
d,0,− 1
2
(τ, z) = (−1) d+12 φ0, 3
2
(τ, z)chN=4d−3,0,0(τ, z) , (B.12)
chN=2
d,0, 3
2
(τ, z) + chN=2
d,0,− 3
2
(τ, z) = (−1) d+12 φ0, 3
2
(τ, z)
(
chN=4d−3,0,0(τ, z) + ch
N=4
d−3,0, 1
2
(τ, z)
)
. (B.13)
Likewise the even-z combination of the massive N = 2 characters can be written as
chN=2d,n,l (τ, z) + ch
N=2
d,n,−l(τ, z) = (−1)2l+
d−1
2 φ0, 3
2
(τ, z)chN=4
d−3,n, 1
2
(l− 1
2
)
(τ, z) . (B.14)
C Character table of M12 and M24
Table 2: The character table of M12 where we use the notation e11 =
1
2(−1 + i
√
11).
[g] 1a 2a 2b 3a 3b 4a 4b 5a 6a 6b 8a 8b 10a 11a 11b
[g2] 1a 1a 1a 3a 3b 2b 2b 5a 3b 3a 4a 4b 5a 11b 11a
[g3] 1a 2a 2b 1a 1a 4a 4b 5a 2a 2b 8a 8b 10a 11a 11b
[g5] 1a 2a 2b 3a 3b 4a 4b 1a 6a 6b 8a 8b 2a 11a 11b
[g11] 1a 2a 2b 3a 3b 4a 4b 5a 6a 6b 8a 8b 10a 1a 1a
χ1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
χ2 11 -1 3 2 -1 -1 3 1 -1 0 -1 1 -1 0 0
χ3 11 -1 3 2 -1 3 -1 1 -1 0 1 -1 -1 0 0
χ4 16 4 0 -2 1 0 0 1 1 0 0 0 -1 e11 e¯11
χ5 16 4 0 -2 1 0 0 1 1 0 0 0 -1 e¯11 e11
χ6 45 5 -3 0 3 1 1 0 -1 0 -1 -1 0 1 1
χ7 54 6 6 0 0 2 2 -1 0 0 0 0 1 -1 -1
χ8 55 -5 7 1 1 -1 -1 0 1 1 -1 -1 0 0 0
χ9 55 -5 -1 1 1 3 -1 0 1 -1 -1 1 0 0 0
χ10 55 -5 -1 1 1 -1 3 0 1 -1 1 -1 0 0 0
χ11 66 6 2 3 0 -2 -2 1 0 -1 0 0 1 0 0
χ12 99 -1 3 0 3 -1 -1 -1 -1 0 1 1 -1 0 0
χ13 120 0 -8 3 0 0 0 0 0 1 0 0 0 -1 -1
χ14 144 4 0 0 -3 0 0 -1 1 0 0 0 -1 1 1
χ15 176 -4 0 -4 -1 0 0 1 -1 0 0 0 1 0 0
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